TEICHMULLER SPACE VIA KURANISHI FAMILIES 



ENRICO ARBARELLO AND MAURIZIO CORNALBA 

Abstract. In this partly expository note we construct Teichmiiller space by patching 
together Kuranishi famiUes. We also discuss the basic properties of Teichmiiller space, 
and in particular show that our construction leads to simplifications in the proof of Te- 
ichmiiller's theorem asserting that the genus g Teichmiiller space is homeomorphic to a 
{6g — 6)-dimensional ball. 



1. Introduction 

Our main goal, in this partly expository note, is to show how the genus g Teichmiiller 
space Tg and the universal family over it can be constructed by patching together Kuranishi 
families of genus g curves. This approach, which is close in spirit to the one of Grothendieck 
[201121], should appeal in particular to readers with an algebro-geometric background, as it 
relies mostly on standard tools and methods of their trade. In fact, the main objects we use 
are the Kuranishi families of smooth genus g curves, whose construction and properties can be 
derived quite directly from the theory of the Hilbert scheme. Our point of view seems to have 
several advantages over more traditional ones. First of all, Teichmiiller space is constructed 
directly as a complex manifold, and the construction makes it obvious that it enjoys a natural 
universal property. Secondly, it is very easy to show that the action of the Teichmiiller 
modular group on Tg is properly discontinuous. Finally, our presentation provides a shortcut 
to the proof of Teichmiiller's theorem, which states that Tg is homeomorphic to a {6g — 6)- 
dimensional ball Bg. In fact, we show that the universal property of the Kuranishi family 
holds not only with respect to analytic deformations, but also with respect to continuous 
ones, and observe that this immediately proves that the Teichmiiller map ^: Bg ^ Tg is 
continuous. This first step eliminates some of the technicalities involved in the usual proof 
of Teichmiiller's theorem, highlighting the two central points of the argument: Teichmiiller's 
uniqueness theorem and the existence of solutions of the Beltrami equation. It should be 
observed that the same program can be carried out for the Teichmiiller space Tg^n of genus 
g curves with n marked points, although this will not be done here. In the bibliography we 
have provided references to the most fundamental texts in this very classical theory. 
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2. The Kuranishi family 



Throughout this section, C will denote a compact connected Riemann surface of genus 
gf > 1, or more briefly, a curve of genus g > 1. A family of genus g curves parametrized by 
an analytic space S is a proper surjective analytic map rj: X ^ S having genus g compact 
Riemann surfaces as fibers. If s is a point of ^S", we shall write X^ to indicate the fiber ri~^(s); 
more generally, we shall use the convention of appending the subscript s to an object over 
S to indicate its "fiber" at s. The precise meaning of this in each case will be clear from 
the context. We will say that rj: X ^ S is a family of genus g curves in , parametrized 
by S, if X is a subvariety of x S and r) is the restriction to X of the projection on the 
second factor. A deformation of C, parametrized by a pointed analytic space {S,sq), is a 
family of genus g curves rj: X ^ S, together with an isomorphism ip: C ^ Xs^y Thus, a 
deformation of C is determined by the data {ri,ip). Given a neighborhood U of sq, we let 
rju ■ r]~^{U) — > [/ be the map obtained by restriction from r]. If rj' : X' ^ 5", ■0' : C — > X'^,^ is 
another deformation of C, parametrized by a pointed analytic space (5", Sq), a morphism of 
deformations from (77, ip) to (77', ■0') is a pair (/, F) of morphism fitting in a cartesian diagram 



Let {B, bo) be a {3g — 3)-dimensional connected pointed complex manifold. A Kuranishi 
family for C is a deformation of C parametrized by {B, bo): 



satisfying the following universal property. Given a deformation (77, ip) of C as above, there 
are a neighborhood U of Sq and a morphism {f,F) of deformations from (rjujip) to 
moreover, this morphism is essentially unique, in the sense that any other morphism of this 
sort agrees with (/, F) over ri~^{U') U', for some neighborhood U' of Sq. 

Kuranishi families for curves of genus g > 1 always exist. We briefiy illustrate how one 
such family may be constructed. Let > 3 and set = {2i' — l){g — l) — l. As is well known, 
a curve of genus g can be embedded in the projective space P-^ via the i/-canonical map, 
that is, via the sections of the u-th power of the canonical line bundle ujc- The embedding 
depends on the choice of a basis for the space of sections of u^, and different choices of basis 
give rise to projectively equivalent embeddings. Conversely, any isomorphism between two 
genus g curves comes from a unique projectivity of P-^ carrying the i/-canonical image of one 
curve to the i/-canonical image of the other. The Hilbert scheme Hg ^ of v- canonical, genus 
g curves is a smooth projective variety whose points are in a one-to-one correspondence 
with the set of z/-canonically embedded curves of genus g. The Hilbert scheme Hg i, is the 
parameter space for a family ^: y ^ Hg^ of genus g curves in having the following 
universal property. For every family 77: X —> 5" of genus g curves i/-canonically embedded 
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in P there exists a unique morphism a : 5 — > Hg ^ exhibiting the family rj as the pull-back, 
via a, of the universal family ^, so that there is a commutative diagram of cartesian squares 



S ^ 

The projective group PGL{N + 1,C) acts naturally on Hg ,^, with finite stabilizers, since 
curves of genus g > 1 have finite automorphism groups. Thus, in accordance with Riemann's 
count, 

dim Hg^^ = 3g-3 + dim PGL{N + 1, C) . 

Now let us consider a genus g curve C and a zz-canonical embedding (p: C ^ T C P^ of C, 
associated to a basis xo: ■ ■ ■ , Xn of the space of z/-fold holomorphic differentials on C. Let 
p G Hg ,y be the point corresponding to T. We choose a local "slice" at p for the action of 
PGL{N + 1, C), that is, a {3g — 3)-dimensional locally closed subvariety U passing through 
p and transverse to the orbits of PGL{N + 1,C). Possibly after shrinking U, if is a 
sufficiently small open neighborhood of the identity in the projective group, {g,u) ^-^ gu 
is an isomorphism between W x U and an open neighborhood V of p. Thus there is a 
canonical fibration a: V ^ U along the orbits of PGL{N + 1,C). Let now n: C ^ U he 
the restriction to U of the universal family ^ : 3^ — > Hg^,y. This family, together with the 
identification ip: G ^ T = 7r^^(p), is a Kuranishi family for G. Let us see why. Suppose 

is a deformation of G parametrized by (5*, sq). Consider the sheaf of relative holomorphic 
differentials along the fibers of rj. By suitably shrinking the parameter space S of this 
deformation we may assume that is trivial on S. Choosing a frame of this vector bundle 
exhibits 1]: X ^ {S,Sq) as a family of z/-canonically embedded curves, that is, determines 
an embedding (3: X P^ x S whose fiber jSs'- Xg P^ at s is zz-canonical for every 
s E S. Furthermore, if the frame is chosen so as to pull back to xo, • • • , Xn on G, then the 
composition of the identification ip: G ^ Xs^ with I3sq '■ Xg^ P^ is equal to the composition 
of if with the inclusion of F in P^. The universal property of the Hilbert scheme then yields 
a morphism a: S ^ Hgu such that a(so) = p. We may assume that a{S) C V. It is 
then immediate to verify that the morphism aa : S ^ U realizes the universal property of a 
Kuranishi family. 

Possibly shrinking B, one can assume that the Kuranishi family ([T]) satisfies various useful 
additional properties. For instance, one can set things up so that ([T]) is "Kuranishi at every 
point of i?". This means that, for any b E B, the deformation consisting of C — i? and of 
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the identity isomorphism from Ch to itself is a Kuranishi family for Cf,. In fact, the Kuranishi 
family whose construction we outlined above has this property. 

We may also assume that the automorphism group of C acts on C and B. In fact, let 7 
be an automorphism of C. Then 

(2) 7t:C^B, cp^:C^C,, 

is another Kuranishi family. By the universal property, up to shrinking B, if necessary, there 
is a unique cartesian diagram 



where /-y and are isomorphisms, inducing an isomorphism between the two deformations 
of C given by ([1]) and ([2]). This results, possibly after further shrinking of 5, in compatible 
actions of Aut(C) on B and C pulling back, via ip, to the standard action on C. The action 
on C is always faithful, while the action on B is not faithful only when = 2; in this case the 
only elements of Aut(C) acting trivially are the identity and the hyperelliptic involution. By 
further shrinking the base B one may even assume that any isomorphism between two fibers 
Cb and Cb' of vr comes by restriction from for some 7 G Aut(C). This is often crucial in 
applications. 

We end this section by recalling a fundamental compactness property of families of compact 
Riemann surfaces. Suppose a: X ^ U and a': X' —>■ U' are two families of compact 
Riemann surfaces of genus g > 1 parametrized by analytic spaces U and U' . Let {un}nm 
{Wn\n&i) be a sequence of points in U (resp., U') converging to a point u E U (resp., u' G U'). 
Assume that Xu„ is isomorphic to X'^, , for every n. Then Xu is isomorphic to X'^,. This can 
be deduced from the following purely algebro-geometric statement, which is in turn a rather 
straightforward consequence of the properness of relative Hilbert schemes and of the theory of 
minimal models of algebraic surfaces. Let Y ^ R and Y' ^ Rhe algebraic families of smooth 
curves of genus 5^ > 1; then the scheme lsomji(Y,Y') parametrizing isomorphisms Yr ^ F/, 
r G -R, is proper over R. Here is how the reduction to this statement of the preceding one goes. 
Let Z S and ly — T be algebraic families of smooth curves of genus g > 1. Set Y = ZxT, 
Y' = S xW, R = S xT. Then the locus : X, is isomorphic to Yt} C S x T = R 

is the projection of lsomFi{Y,Y'), and hence is closed. This shows in particular that the 
statement to be proved is true for algebraic families. To prove it in general it then suffices 
to show that the original families a: X ^ U and a': X' ^ U', or just their restrictions to 
suitable neighborhoods of u and u', come by pullback from algebraic families. But this is 
clear. In fact, up to shrinking U and U', we may suppose that a^t^J^ and (y'^:Uj'^, are trivial for 
some z/ > 3. Thus we may embed X and X' i/-canonically, so X C x [/, X' C x f/', 
and both families come from the universal family over the Hilbert scheme Hg y via maps 
U ^ Hg^, and U' ^ i/,,,. 
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A convenient reference for deformation theory and Hilbert schemes is A detailed 

presentation of Kuranishi famihes will be contained in the forthcoming volume [6j. 

3. The construction of Teichmuller space as a complex manifold 

Fix an oriented genus g topological surface S. We assume that g > 1. Given a genus g 
curve C, a Teichmuller structure on it is the isotopy class [/] of an orientation-preserving 
homeomorphism f : C S . An isomorphism between curves with Teichmiiller structure 
(C, [/]) and (C, [/']) is an isomorphism of curves y?: C — >• C" , such that [/V] = [/]• The set 
of isomorphism classes of genus g curves with Teichmiiller structure has a natural topology 
and complex structure which we are presently going to describe. The resulting space is called 
the Teichmuller space ofT, and is denoted by the symbol T^. The point in associated to 
the curve C and to the isotopy class [/] will be denoted by the symbol [C, [/]]. If S' is another 
oriented genus g surface, and p: E — >■ E' an oriented homeomorphism, we get a bijection 
Ts — > Ts' by sending [C, [/]] to [C, [pof]]- Clearly, this bijection depends only on the isotopy 
class of p, and it will be clear from the construction of the complex structure on Teichmiiller 
space that it is an isomorphism of complex manifolds. We are therefore justified in writing 
Tg, instead of T^, when the reference surface E is kept fixed, as will usually happen. 

It is important to remark that a curve with Teichmiiller structure [C, [/]) has no non- 
trivial automorphism. In fact, an automorphism ip: C ^ C such that [fip] = [f] must be 
homotopically trivial and, in particular, must induce the identity on complex cohomology. 
This implies that (p induces the identity at the level of holomorphic forms, and hence must 
commute with the canonical map. This shows that / is the identity if C is not hyperelliptic, 
and that / is the identity or the hyperelliptic involution otherwise. However, the hyperelliptic 
involution does not act trivially on complex cohomology, so / must be the identity in this 
case as well. 

We next introduce a topology and a complex structure on Teichmiiller space. We begin 
by extending the notion of Teichmiiller structure from curves to families of curves. A Te- 
ichmiiller structure on a family of genus g curves ?7 : X — > S" is the datum of a Teichmiiller 
structure [fs] on each fiber Xs, satisfying the following coherence condition. There exists a 
cover of S with open sets U together with topological trivializations (F, rju) : r]~^{U) ^ TjxU 
such that, for each s E U, [Fs] = [fs]- Let V be an open subset of S, and let 

{F,r]y):r]-\V)^^xV 

{G,vv)-V'\V)^J:xV 

be two topological trivializations. Suppose that [Fs] = [Gs] for some s E V. Let 7: [0, 1] — > \^ 
be a path from a point s' E V to s. Then, as t varies between and 1, the homeomorphisms 

Gj{t) o F'^l^^ o Fs' : Xs' E 

describe an isotopy between Gs' and Gs o F^^ o Fs', which in turn is isotopic to Fs'. Hence 
[Fg'] = [Gs'] for all s' E V belonging to the same connected component as s. This implies 
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in particular that, when V is connected, F and G are equal if and only if they agree at one 
point. 

Now let (C, [/]) be a genus g curve with Teichmiiller structure. Consider a Kuranishi 
family ([1]) for the curve C. Possibly after shrinking B, such a family admits a topological 
trivialization [F, vr) : C — *■ S x i? such that F^g o (p = f\ and hence can be endowed with a 
unique Teichmiiller structure extending the one on C. We thus get what we shall refer to as 
a Kuranishi family for the curve with Teichmiiller structure {C, [/]). The name is justified by 
the fact that such a family enjoys, with respect to deformations of curves with Teichmiiller 
structure, a universal property exactly analogous to the one of standard Kuranishi families, 
as follows immediately from the universal property of ordinary Kuranishi families and the 
uniqueness of the Teichmiiller structure extending the one on the fiber at sq. It should be 
observed that, when B is small enough, the family we just constructed is Kuranishi at every 
point of B, as follows from the analogous property of standard Kuranishi families. 

We are ready to describe the topology and the complex structure on Tg. Let y = [C, [/]] 
be a point of Tg. Choose a Kuranishi family for (C, [/]). As we explained, this can be 
constructed by putting on the family ([T]), where B is chosen to be connected and "sufficiently 
small", the unique Teichmiiller structure extending [/]; for each b E B, we denote by [Fb] 
the Teichmiiller structure on Cb- As we pointed out at the end of Section [2l we may suppose 
that the action of G = Aut(C) on C extends to an equivariant action on C and on B, and 
that any isomorphisms between fibers of vr is the restriction of the action of an element of 
G on C. We claim that the natural map 

a : B — > Tg 

b ^ [Cb, [Fb]] 

is injective. A map of this sort will be called a standard coordinate patch for Tg around the 
point y. To prove the injectivity of a, suppose that a{b) = a{b') for b, b' G B. Thus there 
is an isomorphism ip: Gb Gy such that [Fb\ = [Fb' o ■?/)]. Our assumptions imply that ip is 
induced by an element p G G, so that there is a commutative diagram 

(3) C — C 



where ^ and ^ are automorphisms such that ^(&o) = bo, C,{b) = b' , ^b = ip, and ^ pulls back 
to p on G. We define a new Teichmiiller structure on ([1]) by setting Fj. = o ^j. Since 
[f/] = [Fb'O-^] = [Fb], it follows that [F/] = [Ft] for every teB. When t = bo, this says that 
[/ o p] = [/]. Thus p is isotopic to the identity and, as we observed above, this implies that 
p = 1, proving our claim. 

Let us show that the patches we have just introduced define a complex structure on Tg. 
Let a: B ^ Tg and (3: B' ^ Tg he two standard patches whose codomains have a point z in 
common. Let it : C ^ B , n' : C ^ B' he the corresponding families, and U a small enough 
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neighborhood of (3 ^{z). Then, by the universal property of Kuranishi famihes, there is a 
unique morphism of famihes of curves with TeichmiiUer structure 



u 



c 



B 



On the other hand, ip clearly agrees with the restriction to U of o j3. In particular, 
(3~^{a{B)) is open in 5', and o (3 is holomorphic on it. 

This completes the construction of a (possibly non-Hausdorff) complex structure on Tg\ 
in the next section we shall prove that Tg is actually a Hausdorff topological space. In 
fact, the above argument also shows that the Kuranishi families corresponding to standard 
coordinate patches can be canonically glued together to yield a universal family of curves 
with TeichmiiUer structure 

V- ^9 — 'Tg. 

This family is universal in the sense that any holomorphic family of genus g curves with 
TeichmiiUer structure over a base T is isomorphic, via a unique isomorphism, to the pull- 
back of the family Xg 
functor 



Tg via a unique morphism T Tg. In particular, Tg represents the 



T 



isomorphism classes of holomorphic families of 
genus g curves with TeichmiiUer structure over T 
from analytic spaces to sets. 



4. The mapping class group and its action 

As in the previous section, we pick a reference oriented genus g topological surface S. The 
mapping class group F^, also called TeichmiiUer modular group, is the group of all isotopy 
classes of orientation-preserving homeomorphism of S. When the reference surface S is kept 
fixed, we shall often denote it by Tg. The mapping class group acts naturally on Tg = T-^, 
the action of an element [7] being given by 

[7] ■ [C, [/]] = [C, [7 o /]] . 

It is immediate to show that the elements of Tg act on Tg as holomorphic automorphisms. 
Consider an element [7] G Tg, and a standard coordinate patch a: B ^ Tg obtained from a 
Kuranishi family ([T]), endowed with a TeichmiiUer structure {Fi,}h^B- We know that [7] acts 
by replacing each TeichmiiUer structure [/] with [70/]. Substituting {7 o Fh}b^B for the 
TeichmiiUer structure {-FfejbgB produces a new coordinate patch (3: B ^ Tg, and it is clear 
that, for any b E B, 

P~\b] ■ aib)) = b . 
This shows that [7] acts holomorphically. 
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As a set, the moduli space Mg of genus g curves is the set of isomorphism classes of smooth 
curves of genus g. Ignoring Teichmiiller structures gives a map 

m: Tg^ Mg, 

which can be identified with the quotient map from Tg to Tg/Tg. To see this first observe 
that, given y & Tg and [7] & Vg, y and [7] ■ y obviously map to the same point of Mg. 
Conversely, given points y = [C, [/]] and y' = [C, [/']] of Tg mapping to the same point of 
Mg, there is an isomorphism Lp: C C , so that y' = [7] ■ y, where 7 = f'(ff~^. Let now G 
be the automorphism group of the curve C. We claim that the homomorphism a from G to 
Tg given by 

P ^ bp] , where -fp = fpf-\ 

identifies G with the stabilizer of y. First of all, a is injective, since [fpf^^] = 1 if and 
only if p is homotopic to the identity, and, as we know, this happens only when p = 1. 
Furthermore, fp = '~fpf, which exactly means that p is an isomorphism between the curves 
with Teichmiiller structure (C, [/]) and (C, [7^/])- Thus y = [7^] ■ y, that is, a{p) belongs to 
the stabilizer of y. Finally, given any [7] in the stabilizer of y, there is an element oi G 
such that [/'?/'] = [7/], that is, [7] = [7^] = ai^fj) for some ip ^ G. 

Now consider a standard coordinate patch a: B — * Tg centered at y, coming from a 
Kuranishi family ([T]), endowed with a Teichmiiller structure {Fb}b^B- We shall prove that 
a is G-equivariant. If p is an element of G, there is a diagram ([3]), where ^ and C, are 
automorphisms such that ^(&o) = ^0 and C,bgip = ipp. The action of p on i? is then given by 
p ■ b = ^(6). We must show that = [7] • a{b), where 7 = 7p = fpf~^- We define 

two new Teichmiiller structures {H{,}beB and {Kh}b£B on ([T]) by setting Hb = F^{b)^b and 
Kb = 'jFb. It is easy to verify that = Kbo- It follows that [Hb] = [Kb] for all b. Since ^b 
is an isomorphism between {Gb, [Hb]) and [-F^(b)]), and since 

[7] • [Gb, [Fb]] = [Gb, [Kb]] , 

we have that 

[7p] ■ a{b) = [Gb, [Kb]] = [Gb, [Hb]] = am) , 

as wished. 

The moduli space Mg = Tg/Tg is equipped with the quotient topology. A basis for this 
topology is given as follows. As we just saw, any standard patch a: B ^ Tg drops to an 
injective map a: B/G Mg, where G is the automorphism group of the central fiber. The 
open sets of the form a{B/G) form a basis for the topology of Mg. 

The fact that the moduli space Mg is Hausdorff is an immediate consequence of the 
property mentioned at the end of Section [2l Suppose in fact that the sequence {zn} C Mg 
converges to two points x and y, corresponding to the isomorphism classes of curves G and G'. 
Consider Kuranishi families it: C ^ B and vr': C B' for G = TT~^{bo) and C" = 7r~^{bQ), 
respectively, yielding standard patches a: B Tg and a' : B' Tg. We may assume that 
{zn} C a^B) n a'{B'). Lift the sequence {^n}, via a and a' , to sequences {xn} C B and 
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{Hn} C B' converging, respectively, to 60 and 6q. Since Cx„ is isomorphic to C^^, for all n, 
we conclude that C = Ch^, is isomorphic to C = C'y , so that x = y. 

We shall now show that Tg is Hausdorff and, at the same time, that the action of Tg on 
Tg is properly discontinuous. We must prove that: 

1) Points y and y' in Tg belonging to different F^-orbits possess disjoint neighborhoods. 

2) Every point y E Tg possesses a neighborhood V such that, if Gy is the stabilizer of 

then 

{7 e r, : 7^ n r ^ 0} c G, . 

The first property is a direct consequence of the Hausdorffness of Mg. To prove the second, 
fix ?/ G Tg. We can then identify the stabilizer Gy with the automorphism group of the fiber 
Xy of the universal family X ^ Tg. We claim that y has arbitrarily small neighborhoods V 
with the following properties: 

aj is Gj/-stable; 

h) for y and z in V , the fiber Xy is isomorphic to the fiber Xz if and only ii z = gy., for 
some g E Gy] 

c) the stabilizer of z is contained in Gy for any z E V. 

In fact, we can take as V the images a{B) of standard patches a: B ^ Tg centered at 
?/, corresponding to Kuranishi families C ^ B. The only one of the above properties that 
may not be clear is perhaps c). To prove it, recall that the action of Gy on V corresponds 
to the action on the base B and total space C of the Kuranishi family of the automorphism 
group of the central fiber, and that every isomorphism between fibers of C 5 is induced 
by an automorphism of the central fiber. In particular, this is true of the automorphisms of 
the fiber above a point b E B. Since the group of these automorphisms corresponds to the 
stabilizer of z = a{b), property c) follows. 

We claim that a neighborhood satisfying properties a)-c) above also satisfies 2). Suppose 
in fact that z = 'y ■ z', where z,z' G V. It follows from b) that there is p E Gy such that 
z' = p ■ z. But then jp & G^ C Gy, and hence 7 belongs to Gy, as desired. We may now 
show that Tg is Hausdorff. We already know that points y and y' of Tg belonging to different 
orbits of Tg can be separated, and property 2) shows how to separate points belonging to 
the same orbit. 

This completes the proof of the fact that Tg is Hausdorff and that the mapping class group 
Tg acts properly disco ntinuously on Tg. 

We end this section by briefly discussing the definition of Teichmiiller space. It is known 
that, if X and Y are surfaces without boundary, compact or not, two homeomorphisms 
fi, f2: X ^ Y are homotopic if and only if they are isotopic. A proof can be found in [18] 
(cf. in particular Theorems 6.4 and A4). An immediate consequence is that a Teichmiiller 
structure on an unpointed curve C can also be defined as the homotopy class of an orientation- 
preserving homeomorphism from C to a reference surface S. Similarly, Tg can be defined as 
the group of orientation-preserving homeomorphisms of S modulo homotopy. 
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Another variant of the definitions of Teichmiiller space and mapping class group, entirely 
equivalent to the original one, can be obtained by fixing a differentiable structure on the 
reference surface S and replacing the words "homeomorphism" and "isotopy" with "diffeo- 
morphism" and "differentiable isotopy" throughout. What this amounts to saying is that 
every class in Tg contains a diffeomorphism, and that two diffeomorphisms which are iso- 
topic are also differentiably isotopic. Thus the Teichmiiller space Tg is the set of isomorphism 
classes of objects (C, </?) , where C is a curve of genus g and cp is the differentiable isotopy 
class of an oriented diffeomorphism from C to E. Similarly, 

rg = Diff+(E)/Diffo(E), 

where Diff_|_(E) stands for the group of orientation-preserving diffeomorphisms of E and 
Diffo(E) for its identity component, which is nothing but the group of diffeomorphisms of E 
which are differentiably isotopic to the identity. 

5. Continuous families of Riemann surfaces 

Roughly speaking, the universal property of the Kuranishi family of a smooth curve C 
can be expressed by saying that any small deformation of C can be obtained by puUback 
from the Kuranishi family. Our main goal in this section is to show that the same is true 
for "continuous deformations" of C. 

First, we need some preliminaries. Let a: X 5 be a surjective morphism of C"* 
manifolds, where m = 0, . . . , oo. Suppose we can find an open cover {Ui} of X and 
diffeomorphisms = x $j^2 '■ ^ Vi x Wi of manifolds over S, where Vi is open in R"' 
and Wi is an open set in S, such that: 

a) for any choice of i and j, and for any w e Wj, the function v i— > $j i o ^J^(v, w) is of 
class C°°. 

b) the composition $j i o and all its derivatives, of any order, with respect to the 
the Vj coordinates, are of class C™, for any choice of i and j. 

We shall then say that the atlas U = defines on a: X ^ S a structure of C™" 

family of differentiable manifolds. We shall refer to the components of the functions as 
vertical coordinates and to derivatives with respect to them as vertical derivatives. We shall 
say that a function on an open set of X is adapted if it is C°° in the vertical coordinates 
and its vertical derivatives, of any order, are C"; clearly, this notion does not depend on 
the chart in U with respect to which vertical derivatives are computed. Another atlas W 
will be considered equivalent to U if the adapted functions with respect to it are the same 
as the adapted functions with respect to U. This is equivalent to asking that the vertical 
coordinates in either atlas be adapted with respect to the other atlas. We shall say that 
equivalent atlases define on a: X ^ S the same structure of C™ family of differentiable 
manifolds. Given a C™ family of differentiable manifolds, the charts of any atlas defining 
the C"* family structure will be said to be adapted. A morphism from a C"^ family of 
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differentiable manifolds a: X ^ S to another family (3: Y ^ T is a commutative square 



where / and F are morphisms and the composition of F with any vertical coordinate 
on Y is an adapted function. Clearly, the class of morphisms of C™ families of differentiable 
manifolds is closed under composition. 

Let a: X — > S* be a family of differentiable manifolds. There is an obvious notion 
of family of differentiable vector bundles (real or complex) on a: X ^ S. Examples 
are provided, for instance, by the relative tangent bundle to X ^ S* and its dual. The 
class of families of differentiable vector bundles is closed under the standard vector 
bundle operations, such as passing to the dual, direct sum, tensor product, and exterior 
power. If is a family of differentiable vector bundles, it makes sense to speak of 
adapted local trivializations and adapted sections of E. In particular, it makes sense to 
speak of adapted relative differential forms (or, more generally, relative i?-valued differential 
forms) along the fibers of a. There is also a good notion of C"^ family of linear differential 
operators or, as we shall sometimes say, of adapted linear differential operator. Given two 
families E and E' of differentiable vector bundles on a: X — S", a linear differential 
operator carrying sections of E to sections of E' will be said to be a family of linear 
differential operators on a: X —> 5* if, when written in adapted coordinates and relative 
to adapted local trivializations of E and E', it involves only differentiation with respect 
to vertical coordinates and its coefficients are adapted functions. Thus an adapted linear 
differential operator carries adapted sections to adapted sections. 

We will need a basic result, due to Kodaira and Spencer [25], concerning the differentia- 
bility properties of solutions of differential equations Lu = v, where L is a family of 
differential operators and v is an adapted section. Let a : X ^ 5* be a C" family of compact 
differentiable manifolds, and let E he a. family of differentiable vector bundles on it. We 
denote by A{E) the vector space of adapted sections of E. Let L : A{E) A{E) be a C™" 
family of linear differential operators. A metric on E will be said to be adapted if the inner 
product of any pair of adapted sections is an adapted functions. Adapted metrics always 
exist, and can for instance be constructed by gluing together flat local metrics by means of a 
partition of unity made up of adapted functions. Suppose an adapted metric is given on E, 
and one on the relative tangent bundle to X — S". We denote by ( , )s the inner product on 
Eg, and by dVg the volume form on X^ coming from the metric. Consider the inner product 

(4) {u,v) = / {u,v)sdVs 

on A{Es), the vector space of C°° sections of Eg. We will say that L is a family of formally 
self-adjoint, strongly elliptic differential operators if each Lg is self-adjoint with respect to 
the inner product (jl]), and strongly elliptic. Under these circumstances the kernel of Lg is 
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finite-dimensional, and there are linear operators 

F,,Gs:A{E,)^A{E,), 
where Fg is the orthogonal projection onto the kernel of Lg, and 
(5) u = FgU + LgGgU . 

for any u G A{Es). We shall refer to Fs and Gs-, respectively, as the harmonic projector and 
Green operator associated to and to the chosen metrics. The theorem of Kodaira and 
Spencer reads as follows. 

Theorem 1 ([25], Theorem 5). Let m he a non-negative integer or oo. Let a: X ^ S be 

a G"^ family of compact difjerentiable manifolds, and let E be a family of difjerentiable 
vector bundles on a: X ^ S. Suppose E and the relative tangent bundle to X ^ S are 
endowed with adapted metrics. Let L : A{E) A{E) be a G^ family of formally self- 
adjoint, strongly elliptic linear differential operators. Suppose the dimension of the kernel of 
Lg is independent of s. Then the family of harmonic projectors F = {Fs}s£s o^'^d the family 
of Green operators G = {Gs}ses f^^^e of class G"^ , in the sense that Fu and Gu are adapted, 
for any adapted u. 

To be precise, the statement proved by Kodaira and Spencer is slightly less general than 
the one we have given, in two respects. First of all, they deal only with families of the form 
Xq X S ^ S, where Xq is a compact manifold. More importantly, they treat only the case 
m = oo. These, however, are not serious difficulties. Since the statement of Theorem [T] is 
local on 5*, the first is resolved by the following result. 

Lemma 1. Let a: X S be a C" family of compact differentiate manifolds, let E be a 
G^ family of difjerentiable vector bundles on it, and let sq be a point of S . Then, if U is a 
sufficiently small neighborhood of Sq, there is an isomorphism ofG"^ families of differentiable 
manifolds between a^^(U) U and the product family Xs^^ x U ^ U. Moreover, if q is the 
projection of a~^{U) = Xg^ x U to Xg^, E is isomorphic, as a family of difjerentiable 
vector bundles, to q*{Egg). 

This result is well known, at least for m = oo. However, since the usual proof, which 
involves integrating lifts to X of coordinate vector fields on S, breaks down for m = 0, 
we shall sketch an alternate proof below. Before we do so, however, we notice that the 
second difficulty mentioned above is also non-existent, since the proof given by Kodaira and 
Spencer for their theorem, and in particular their crucial Proposition 1, work equally well, 
and virtually without changes, in our context, provided we substitute Lemma [1] above, and 
in particular its second part, for their Lemma 1. 

We now prove our Lemma [H We shall use the following version "with parameters" of the 
inverse function theorem. 

Lemma 2. Let U be an open subset ofM", V an open subset ofMf, f : U x V a 
continuous function, and m a non-negative integer or oo. Write x = (xi, . . . , Xn) to indicate 
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the standard coordinates in U and t = {ti, . . . , t^) to indicate the standard ones in V. Suppose 
that: 

i) the function f is C°° in x for any fixed t; 

a) the function f and all its derivatives, of any order, with respect to the x variables, 

are functions of x and t; 
in) the Jacobian ^{x,t) is non-singular at a point (xo,to) E U x V. 

Set F{x, t) = {f{x, t),t). Then there is an open neighborhood A of [xq, to) such that F{A) is 
open in x and F induces a homeomorphism from A to F{A). Moreover, writing the 
inverse of this function under the form {x,t) {g{x,t),t), the function g is C°° in x, and 
g and all its derivatives, of any order, with respect to the x variables, are functions of x 
and t. 

The proof of this lemma is essentially the same as the one of the standard inverse function 
theorem, and will not be given here. 

Proof of Lemma [21 The first step is to show that families of compact differentiable manifolds 
can be locally embedded in euclidean space. More precisely, we shall see that, if ?7 is a 
sufficiently small neighborhood of Sq, for sufficiently large N there is a map F : a~^{U) — > 
such that the pair (1^, F x a) is a morphism of C"^ families of differentiable manifolds from 
a~^(f/) U io M.^ xU ^ U which is a fiberwise embedding. Denote by the ball of radius 
r centered at the origin of M". Shrinking S, if necessary, we may find finitely many adapted 
charts {ipi, a): f/j — > i?2 x 5*, where Ui is an open subset of X, such that X is covered by the 
open sets {(pi,a)~^{Bi x S). Choose a non-negative function p on B2 which vanishes 
identically on the complement of 54/3 and is identically equal to 1 on Bi. Pulling this 
back via (pi we get a function on Ui, which we denote by pj. Write ipi = (v^i,!, . . . ,^Pi,n), 
and denote by iptj the function Pi(pij, extended to zero on the complement of Ui in X; 
clearly, ipij is adapted. Denote by ip the map from X to M^^ whose components are the 
ipij. The map ip is adapted, and its restriction to each fiber of a is a local embedding. 
In particular, there is an open neighborhood W of the diagonal A in X x 5 X such that 
ip{x) 7^ ip{y) for all {x,y) G \ A. Shrinking S again, we may find finitely many adapted 
charts (^j, a) : Vi ^ B2 x S , where Vi is an open subset of X, having the following property. 
We may select a set / of pairs of indices such that ViXsVj does not meet A if (z, j) G /, and 
X XsX \W is covered by the open sets (^j, a)^^{Bi x S) Xs {^j, a)~^{Bi x S) as (i, j) varies 
in /. Denote by Aj the pullback of p via ^j, extended to zero on the complement of Vi. By 
construction, if (x, G X x^ X \ W, there is an index i such that Xi{x) 7^ but Xi{y) = 0. 
As a consequence, the Aj, together with the ipij, are the components of an adapted map 
X — > M-^ which is a fiberwise embedding. 

We may thus view X as embedded in x S, and hence each fiber Xs as embedded in 
M.^ . There is a neighborhood V of X^g in which is diffeomorphic to a neighborhood of 
the zero section of the normal bundle to X^,, in R^, and the projection to the zero section 
in the normal bundle yields a C°° map 77: V — > X^^. Clearly, Xg gV when s is close to Sq, 
and therefore, after suitably shrinking S, rj gives an adapted map j3: X X^q. We wish 
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to show that, possibly after further shrinking S, {jS, a): X —>■ x S* is an isomorphism 
of C"* famihes of differentiable manifolds. As the embedding of X in is adapted, the 
tangent spaces to the Xg vary continuously. Moreover, Lemma [2] implies that every point 
of Xgg has a neighborhood U such that /3 induces a diffeomorphism from Xg fl j3~^{U) to 
U for s near sq. Let us see that, in fact, P\Xs is a diffeomorphism when s is close to Sq. It 
suffices to prove injectivity. Suppose there are a sequence in 5 converging to Sq and 
sequences of points Xn,yn ^ -^s„ such that Xn 7^ Z/n but P{xn) = PiVn)] we may assume that 
{xn} and {?/„} converge, respectively, to points x,y E Xs^. Letting n go to infinity we find 
that X = j3{x) = P{y) = y. This shows that, if U is neighborhood of x as above, x„ and ?/„ 
belong to U for large n, and hence 7^ P{yn), a contradiction. This proves the first part 

of Lemma [H 

The proof of the last statement is similar. We sketch it for E a real vector bundle, the 
proof for a complex bundle being entirely analogous. First notice that, up to shrinking S, 
there exist enough adapted sections of E to embed E as a sub-vector bundle in a trivial 
bundle x X,, x S, for some large K. The orthogonal projection with respect to the 
Euclidean metric of gives a surjective morphism of C°° vector bundles on Xgg from 
M.^ X Xsa to As a consequence, we get a surjective morphism x Xs^ x S* — > q*{Es^) 
which, when composed with the inclusion of E G M.^ x X^,, x S yields a morphism of adapted 
vector bundles E —>■ q*{Esf,). The restriction of this to a^^{U) is an isomorphism for any 
sufficiently small neighborhood f/ of sq. □ 

The notion of C"^ family of differentiable manifolds has a holomorphic counterpart in the 
one of family of complex manifolds. Formally, such a family is a surjective morphism 
a: X ^ S of C™ manifolds with the property that each fiber Xg is a complex manifold, 
satisfying the following local triviality condition. For every x G X there is a C"^ diffeomor- 
phism ip : U ^ V X W, where ?7 is a neighborhood of x in X, 14^ is a neighborhood of a{x) 
in S, and V is a ball centered at in some C'^, such that: 

i) ip is compatible with the projections to S; 



in) if maps f/ fl a ^(s) biholomorphically onto V x {s} for every s G W . 

When all the fibers of a are curves we will speak of family of curves. A family of 
compact complex manifolds has a natural structure of family of differentiable manifolds, 
as a consequence of the following standard result. 

Lemma 3. Let f{zi, . . . , Zh,ti, . . . , te) be a C" function of the complex variables zi, . . . , Zh 
and of the real variables ti, . . . ,ti which is holomorphic in zi, . . . , Zh- Then the partials of f , 
of any order, with respect to the variables zi, . . . , Zh, are C"^ functions of zi, . . . , Zh,ti, . . . ,ti. 

The lemma follows directly from Cauchy's integral formula 



ii) ip{x) = (0,a(x)); 



f{Zi, . . . , Z/i, ti, . . . , tfc) 



/(Cl) ■ ■ ■ Xh,tl, . . . , ti) 



dCi... dCh ■ 



. . . dz', 



{27ii)^ 



K-H\-^ Hid - Zi)''' 

1=1, ...,h 
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In fact, the right-hand side can be continuously differentiated m times under the integral 
sign with respect to the variables tj. 

A morphism of families of complex manifolds is just a morphism of families of 
differentiable manifolds which happens to be holomorphic on the fibers. If a : X — S" is a 
family of complex manifolds, we denote by Ox the sheaf of functions on X which 
are holomorphic along the fibers, and by the Ox-module whose sections are the relative 
differential forms which restrict to a holomorphic (p, 0)-form on each fiber. We also write 
j\pji the sheaf of adapted relative (p, g)-forms; it is a module over Ax, the sheaf of 
adapted functions. Now let C be a curve. A deformation of C is the datum of a pointed 
C"^ manifold {S,Sq), a family of curves a: X — > 5*, and an isomorphism ip: C ^ Xg^. 
A morphism of C"^ deformations from a: X ^ {S, Sq), (f: C Xg^ to another deformation 
a' : X' {S',Sq), (f':C-^ X'^, is a pair {f,F) of morphisms fitting in a cartesian 
diagram 

F 

X — - — -X' 

a a' 

{S, so) — {S', s'o) 

such that (/, F) is a morphism of families of curves and F^^ o (f = (f'. We shall show 
that the universal property of the Kuranishi family of C holds also with respect to 
deformations. 

Proposition 1. Let C be a curve of genus g > I, and let a: X — > (S*, Sq), ip: C Xg^, 
be a deformation of C. Let tt : C — > {B, Bq), ip: C ^ Cbg, be a Kuranishi family for C . 
Then, for some open neighborhood A of sq, there is a morphism {f,F) of C'"^ deformations 
from a~^{A) — > (A, sq), ip: C ^ X^y to the Kuranishi family. This morphism is essentially 
unique, in the sense that any morphism of deformations from a'^{A') {A,sq), ip: C ^ 
XgQ, A a neighborhood of sq, to the Kuranishi family, agrees with {f,F) on a~^{U) U, 
where U is a neighborhood of sq. 

Proof. We claim that, possibly after shrinking S, we can find a cartesian diagram 

(6) X — - — - y 

where (A, A) is a morphism of families of complex manifolds and ^ : 3^ — * Hgi, is the 
universal family over the Hilbert scheme of z/-canonically embedded genus g curves, for some 
V > "i. The existence part of the proposition then follows from the standard universal 
property of the Kuranishi family, applied to 3^ — > Hg t,. 

To prove the existence of ([HD we proceed as follows. Let Ug^ be a holomorphic u-io\d 
differential on X^q, for some i/ > 3. We shall show that Ug^ extends, possibly after shrinking 
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S, to a section of £ = (fi^)*^^ on all of X. First of all, by Lemma [H Ug^ extends to a section 
u of (Aa^)^'^ = C '^dx adapted metrics on the families of different iable vector 

bundles underlying £ and A]f. For each s G S", we write Ug for the restriction of u to the 
fiber X^, and dg to indicate the d operator acting on sections of C -A-Xs- We also let 
dg be the formal adjoint of dg, and Ug = dgi^g the Laplace-Beltrami operator, both acting 
on ^-valued (0, l)-forms on Xg. The kernel of Ug can be identified with H^{Xg, 0{K'^ )), 
where Kx^ stands for the canonical bundle of Xg, and hence is reduced to zero, since g > 1 
and u > 3. In particular, the family of differential operators {Og} satisfies the assumptions 
of Theorem [H It follows from that 

dgUg = DgGgdgUg = dg^gGgdgUg . 

By Theorem [1], {GgdgUg}, and hence v = {vg} = {i!}gGgdgUg}, are adapted. Since dg{us — 
Vg) = for any s, and Vgg =0, we conclude that u — v is a section of £ extending Ug^. 

Now choose a basis for the space of holomorphic i/-fold differentials on Xg^ and, after 
suitably shrinking S, extend its elements to sections Uo,...,un of £ on X, where N = 
{2i/ — l){g — 1) — 1. We may assume that the restrictions of these sections to Xg constitute 
a basis for the space of holomorphic z/-fold differentials on Xg, for any s. The sections 
uq, . . . ,un then give a morphism of C™ families of complex manifolds over S 

X X S 



S 

such that Xg —>■ is a zz-canonical embedding for each s. To construct ([6]), we take as A 
the map which associates to each s G 5* the point of Hg^^y corresponding to Xg ^ P^. Recall 
that \{s) can be described as follows. The pullback homomorphism 

(7) H\F\ 0{k)) ^ H\Xg, OxXk)) = H\Xg, 0{K'£)) 

is onto for every A; > 1, by Noether's theorem. Its kernel is a point of the Grassmannian 
G of ((^j^'^) — i'^ku — l){g — l))-planes in (^^'^)-space. For large enough k, the Hilbert 
scheme Hg ,, is a subscheme of G, and A(s) is just the kernel of ([7]). On the other hand, 
by construction, the homomorphism ([71) is the fiber at s of a homomorphism of C™ vector 
bundles _ 

?7*OpiVxs(/^) «*£*" • 

Since the kernel of this homomorphism is a vector subbundle of the trivial bundle on 
the left, the map A is C"^. 

The map A is easily constructed. If a; is a point of X, then 

A(x) = {[uo{x) Un{x)], A(s)) G X' C x Hg,^ . 

It is clear that (A, A) is a morphism of families. 

It remains to prove the uniqueness property of {f,F). Let {f',F') be another morphism 
of deformations from a^^{A') — > {A',so), ip: C ^ Xg^ to the Kuranishi family of C. We 
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may suppose that A' = A. We may also suppose that Aut(C) acts on C and B, and that 
any isomorphism between fibers of vr comes from an automorphism of C. Assume that there 
is a sequence in A, converging to sq, such that the restriction of F to X^^ is different 
from the one of F' for each n. We will show that this leads to a contradiction. In fact, what 
the assumption implies is that for each n there is a non-trivial element 7„ of Aut(C) such 
that 7n/(a;n) = fi^n) and 7„F coincides with F' on X^^. As the automorphism group of 
C is finite, we may suppose that all the 7„ are equal to a fixed 7 G Aut(C). Then, passing 
to the limit for n 00, we conclude that 7F and F' agree also on Xs^. On the other hand, 
since we are dealing with morphisms of deformations, Fgg o ip = F^^ o (y?, which implies that 
7 = 1, a contradiction. 

□ 

The notion of Teichmiiller structure carries over, with obvious changes, to the context of 
families of curves. An important corollary of Proposition [1] is then the following. 

Theorem 2. Let a: X ^ S be a family of genus g curves with Teichmiiller structure. 
Suppose g > 2. Let rj: Xg Tg be the universal family on the genus g Teichmiiller space. 
Let f : S ^ Tg be the map which associates to each point of S the isomorphism class of the 
corresponding fiber, and let F: X —* Xg be the map whose restriction to the fiber Xg is the 
unique isomorphism of curves with Teichmiiller structure from Xg to r]~^{f{s)). Then the 
pair (/, F) is a morphism of families of curves. In particular, f is of class C™. 

6. The theorem of Teichmuller 
In this section we discuss the following famous theorem of Teichmiiller. 
Theorem 3. Let g > 1. The Teichmiiller space Tg is homeomorphic to the unit ball in 

Our plan is to show how the proof of this theorem directly reduces to the proof of two 
fundamental results, namely Teichmiiller's uniqueness theorem and the theorem of existence 
of solutions of the Beltrami equation. 

Before we can proceed, we must introduce the notion of Beltrami differential. Let S be 
a compact connected Riemann surface. We consider vector-valued differentials on S which 
are locally of the form 

9 

u = V— ® dz, 
oz 

where z is a local coordinate and z/ is a measurable function, that is, measurable sections of 
Ts ® Ks, where T5 and Ks are, respectively, the complex tangent and cotangent bundles to 
5*. It makes sense to define a measurable function by setting it locally equal to \i>\, since 
the latter is clearly independent of the choice of coordinate z. A Beltrami differential on the 
Riemann surface S is an L°° section of T5 Ks whose norm = supg is strictly less 
than 1. We shall really need only a particular kind of Beltrami differentials, namely those 
which are C°° everywhere, except at a finite number of points. These differentials will be 
called admissible. 
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To a Beltrami differential we associate a 
setting 

where /i acts on a function / as 

M/) = 

The corresponding Beltrami equation is 

df,u = , 

that is, 

(8) = i'{z)uz . 

The basic existence theorem for the Beltrami equation asserts that it has local solutions, in 
an appropriate generalized sense, which are homeomorphisms to open subsets of the complex 
plane. We will not need the full strength of this result, which is due to Morrey [30J, but 
just the fact that the same conclusion holds under the stronger hypothesis that is C°°. 
This is due to Korn and Lichtenstein who more generally deal with the case when 
/i satisfies a Holder condition; a simplified proof of their result was given by Bers [7] and 
Chern and can be found also in Chapter IV, section 8, of [15j- Formally, the existence 
result we need is the following. 

Theorem 4. Let v{z, ti, . . . , t^) he a C°° function on a neighborhood of the origin inCx MJ^. 
Suppose that \h'{z,t)\ < 1 for all values of z and t = (ti, . . . ,t„). Then there exists a 
function w{z,t), also defined on a neighborhood of the origin, such that 

w^ = iy{z,t)w;,, ti?^(0,0) 7^ 0. 

We shall also need the following uniqueness result. 

Lemma 4. Let v{z) be a function on a neighborhood of the origin in the complex plane which 
is C°° except at a finite set Z . Suppose that \i'{z)\ < 1 for all z. Let u be a homeomorphism 
from a neighborhood of the origin to an open subset ofC which solves the Beltrami equation 
^ away from Z . Let f be a bounded function on a neighborhood of the origin which is 
once differentiable away from Z . Then f satisfies ^ away from Z if and only if it is a 
holomorphic function of u. 

The proof of the lemma is quite straightforward. Suppose first that Z is empty, and let 
w be the solution of the Beltrami equation provided by Theorem |H A simple chain rule 
computation shows that 

fz-T^fz = (1 - ■ fw-yj;. 

Thus / is a holomorphic function of w near the origin if and only if it is a solution of the 
Beltrami equation. This applies in particular to the function u. Moreover, since u has an 
inverse, it is also the case that w is a holomorphic function of u. This proves the lemma when 
Z is empty. In the general case what the above argument shows is that / solves the Beltrami 



perturbed version of the d operator on S, by 
d- fi, 



v—dz . 
oz 
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equation away from Z if and only if it is a holomorphic function of u there. Holomorphicity 
of / at points of Z then follows from the Riemann extension theorem. 

Theorem m in its parameterless version, that is, for n = 0, and Lemma H] say, in particular, 
that a C°° Beltrami differential on a Riemann surface S defines on 5* a new complex struc- 
ture whose holomorphic functions are the solutions of the corresponding Beltrami equation. 
The reader should be warned that dp, is not the d operator of this complex structure, but 
just its component of type (0, 1) (with respect to the original structure). A more suggestive, 

though cumbersome, notation for could thus be d^^"^^ . 

Dependence on parameters in Theorem H] is often not considered in the literature; a notable 
exception is [2J, to which we might refer for a proof. A cheap alternative is to appeal instead 
to Theorem [H Here is how the argument goes. Since the problem is of a local nature, we 
may alter v outside a neighborhood of the origin. Hence we may assume that v is defined 
and on C X f/, where [/ is a neighborhood of the origin in R*^, and that there is a positive 
r such that v vanishes for \z\ > r. Thus we may view ^ = v d / dz ® dz a.s a. family {^t}t&u 
of Beltrami differentials on P^, vanishing outside the disk of radius r centrered at 0. Let H 
be the hyperplane bundle on P^; its smooth sections can be viewed as C°° functions / on 
C such that f /z extends in a way across oo. Since is the standard d operator in a 
neighborhood of cxd, for any smooth section u of if, d^^u is a smooth iJ-valued (0, l)-form. 
Let be the formal adjoint of d^^ with respect to (say) the Fubini-Study metric. Then 
the differential operator Lt = d^^d^^ is self-adjoint and strongly elliptic. If -u is a section of 
H such that LtU = 0, then {d^^u, d^^^u) = {u, Ltu) = 0, and hence dfj,^u = 0. In other words, 
the Lt-harmonic sections of H are just those sections which are holomorphic with respect to 
the complex structure defined by fit- The space of these sections has dimension 2 for any t, 
by the Riemann- Roch theorem, so that Theorem [1] applies. Pick a /io-holomorphic section u 
which vanishes simply at 0, and set Wt = Ftu, where Ft is the harmonic projector associated 
to Lt. Then d^^^Wt = 0, and Wt depends differentiably on t, by Theorem [TJ In other words, 
w{z,t) = Wt{z) has all the required properties. 

Admissible Beltrami differentials originate, in particular, from the so-called admissible 
quasi-diffeomorphisms. An orientation-preserving homeomorphism F: S —>■ S' between two 
compact Riemann surfaces which is a diffeomorphism outside a finite set Z G S is called 
a quasi- diffeomorphism. Pick holomorphic coordinates z and w around p G S* \ Z and 
F{p) G 5", respectively. The condition that F be an orientation-preserving diffeomorphism 
on S* \ Z tells us that, on S \ Z, the Jacobian determinant of F is positive. Since, in local 
coordinates, the Jacobian is 

I |2 I i2 

the local function 

u{z) = — 
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is away from Z and of absolute value less than 1. It is a straightforward application of 
the chain rule to check that setting 

/ip = z/— ® dz 
oz 

gives a well-defined section of Ts®Ks which is away from Z. The quasi-diffeomorphism 
F is said to be admissible if \\[j^f\\ < 1, i-e., if /^f is a Beltrami differential. By Lemma HI 
the complex structure of S' can be completely described in terms of the one of S and of the 
differential /i_F; a bounded function / on an open subset of S' is holomorphic if and only if 
M = / o F is a solution of the Beltrami equation d^^u = away from Z. 

Lemma 5. Let F: S ^ S' be a quasi-diffeomorphism. Then 

II/^fII = • 

If F': S —>■ S" is another quasi-diffeomorphism, then fipi = fip if and only if F' o F^^ : S' 
S" is holomorphic. 

The second assertion of the lemma follows immediately from Lemma HI while another 
elementary chain rule computation shows that \iif{p)\ = \f^F-i{F'{p))\ for any p E S, thus 
proving the first assertion. 

It is convenient to introduce the concept of dilatation for a quasi-diffeomorphism F: S ^ 
S'. This is simply defined to be 

K[F] = ^^l^^l . 

It follows from Lemma[5]that a quasi-diffeomorphism and its inverse have the same dilatation. 
It is also clear that F is admissible if and only if K[F] < oo. 

We now turn to Theorem [3l Let 5* be a reference Riemann surface of genus g > 1. 
As we have announced, we shall rely on a fundamental result of TeichmiiUer, the so-called 
Teichmiiller uniqueness theorem. This provides a canonical representative for each isotopy 
class of orientation-preserving homeomorphisms f:C S, which has the following two 
remarkable properties: 

(1) it is an admissible quasi-diffeomorphism; 

(2) away from the points where it fails to be smooth it can be locally described, in a 
canonical way, as a real affine transformation. 

Let be a holomorphic quadratic differential on S. If a; = f{z)dz'^ is a local expression for 
it in terms of a local coordinate z, we define the (singular) volume form associated to u to 
be 

dA^ = - \f\dz Adz = \f\dx A dy , 

where x and y stand for the real and imaginary parts of z. One immediately checks that 
this definition is independent of the choice of local coordinate. Now consider the {3g — 3)- 
dimensional space H^{S,0{K'^)) of holomorphic quadratic differentials on S. A norm is 
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introduced in this space by setting 

WuW = / dA. 



'S 



for any u in H%S, 0{Kj)). Look at the unit ball in H%S, 0{Kl)): 

B{Kl) = {uoeH\S,0{Kl)):\\uo\\<l}. 
We are going to define a map 
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and prove the following more precise version of ([3]). 
Theorem 5. ^ is a homeomorphism. 

The construction of $ is as follows. Pick u G B{Kg) and set 

k = \\uj\\ < 1 . 

Let Z be the set of zeroes of uj. We introduce a new complex structure on S \ Z. Near a 
point p G 5* \ Z we may write 

where ^ is a holomorphic local coordinate, which is uniquely defined up to sign and the 
addition of a constant. We will say that z is an uj- coordinate. We define a new coordinate 
patch around p by setting 

A different choice of z changes z' by at most a sign and the addition of a constant. Hence 
these coordinate patches define a new holomorphic structure on 5* \ Z. We will show that 
this structure extends to one on all of S by constructing explicit coordinate patches around 
each point of Z] this extension will clearly be unique. Let p be a zero of uo, and z a local 
coordinate around p. Write uj = f{z)dz'^ near p. We first treat the case when / vanishes to 
even order 2n at p. By suitably changing coordinate, we may suppose that u) = d{z'^~^^)'^. 
It follows that is an tu-coordinate at all points of S sufficiently close to p, but different 
from it, and hence, by virtue of that 

is a local coordinate for the new complex structure on 5* \ Z at all these points. Since k < 1, 

— n+1 

the function 1 + /c^qrr takes its values in the half-plane of complex numbers with positive 
real part, where a single- valued determination of the [n + l)-st root function exists. Set 
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for 2; 7^ and ri{0) = 0. Since 1 + fc^^^ is bounded, the function rj is continuous at p. We 
will now show that r/ is a homeomorphism between an open neighborhood of p and an open 
neighborhood of the origin in the complex plane, and we will take it as our new coordinate 
around p. This is compatible with the new complex structure on S* \ Z, since ry"-+^ = ^. 
To prove our claim, by the "invariance of domain" theorem, it suffices to show that rj is 
injective. If ri{z) = ri{z'), then C,{z) = C,{z'), and hence z"'~^^ = z'^~^^. It follows that 



and therefore that z = z', by the definition of rj. We now treat the case when / vanishes to 
odd order m at p. Let q be the map ( ^ ("^ = z. The pulled-back differential q*uj vanishes 
to order 2m + 2 at the origin, and by suitably changing coordinate we may suppose that 
q*uj = d{("^~^'^y. This means that is an cj-coordinate at all points of S close to p, but 

different from it. Thus 



1 - k 

is a local coordinate for the new complex structure on S* \ Z at these points. We take as 
new coordinate at p the function r]{z) whose value is 



2 / -m+2 ■ — 



m + 2 



Vi^) = ^ = C 



1-k J " I 1 - A; 

for 2; 7^ and zero for z = 0. To prove that this extends the new complex structure on 
S ^ Z one proceeds as in the even order case, after noticing that ?^''"+2 _ 'jj-^jg finishes 
the construction of the new complex structure of 5*. 

We may now define the Teichmiiller map B{Kg) —>■ Tg. We set 

where is the surface S, equipped with the new complex structure we have just described, 
and fuj'. Suj S is the set-theoretic identity. The homeomorphism is called the Te- 
ichmiiller map associated to u, and is an admissible quasi-diffeomorphism. In fact, by (Q, 
Uf^ = —k, and hence 

ll^fJ = k = \\uj\\ < 1 

everywhere. 

It is crucial to observe that S^^ and depend continuously on a; G B{Kg). More precisely, 
if we denote by S the disjoint union of all the and by / the map from 5 to S" x B{Kg) 
which sends x E S^j to {f^{x),u!), what we just did was to put on 5 — > B{Kg) a structure 
of continuous family of compact genus g Riemann surfaces for which / is a topological 
trivialization. The map / thus endows the family S B{Kg) with a Teichmiiller structure. 
By the universal property of Teichmiiller space, discussed in the preceding section, the map 
$ is therefore continuous. We see that this rather simple proof of the continuity of $ is a 
direct consequence of our definition of Teichmiiller space in terms of Kuranishi families. 
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The uniqueness theorem of Teichm tiller asserts that, among all admissible quasi-diffeomor- 
phisms isotopic to it, 5* ^ S* is one with minimal dilatation, and that it is uniquely 
characterized by this property. 

Theorem 6. (Teichmiiller's uniqueness theorem). Let S be a genus g Riemann surface 
with g > I, and letu be a holomorphic quadratic differential on S. Assume that \\u!\\ = k < 1. 
Let f : Suj ^ S be an admissible quasi- diffeomorphism which is isotopic to f^ (i.e., isotopic 
to the identity). Then 

m > K[f^] = ^ , 

and equality holds if and only if f = fuj- 

We will not prove the theorem here, but we refer to one of the many proofs which exist in 
the literature (see, for example, [T], [12], or [27] and the bibliography therein). 

Assuming Teichmiiller's uniqueness theorem, we shall first prove that the map $ : B{Kg) 
Tg is injective. Suppose that ^{uJi) = $((^2); in other words, that there are an isomorphism 
ip: Suj-^ — ^ Suj2 and an isotopy f^^-^ ~ /^^j o ip. Set ki = \\uji\\, i = 1,2. The first part of 
Teichmiiller's uniqueness theorem, together with Lemma [5l tells us that 

= = o ^] > K%^] = 1±| . 

Reversing the roles of uJi and UJ2, we obtain ki = k2, and the second part of Teichmiiller's 
uniqueness theorem implies that 

Let Zi be an tUj-coordinate on S, for i = 1,2. By Lemma Owe have 

, d , , d , 

kiTT- ® dzi = fif-i = fif-i = k2Tr- ® d'Z2 . 
ozi ■'"'1 dzn 



2 



But ki = k2, so that 



dz2 _ dz2 
dzi dzi ' 

Since Z2 is a holomorphic function of zi, this implies that Z2 = c - zi + h, where h and c are 
constants, and c is real. Hence 002 = {dz2Y = ■ {dz\)^ = -ui. As ||c<Ji|| = ki = k2 = \\uJ2\\, 
we obtain that = 1, which proves the injectivity of $. 

We are now going to conclude the proof of Theorem [5l and hence of Theorem [3l The first 
step is the following. 

Proposition 2. The Teichmiiller map $ is closed. 

Proof. Let {un} be a sequence in B{K^). Suppose the sequence yn = ^{ujn) converges to 
y G Tg. What must be proved is that a subsequence of {un} converges in B{Kg). Set 
y = [C, [/]], where / is a diffeomorphism. As a neighborhood of y we take the basis B 
of a Kuranishi family tt: C ^ B for C. We can assume that there is a trivialization 
{F, n) : C ^ S X B such that Fy = f. We may also assume that {?/„} C B. Set = Fy^, 
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H = and //„ = /x^^. Since / and are C°°, the Beltrami differentials and /i„ are also 
C°°; since F is C°°, {/in} converges uniformly to /i. Teiclimiiller's uniqueness theorem gives 

1 + ll^ll li^^ (m^) = lunK[U] > MmKlU] = lim + I'''" 



1 11 / L-^ "-J — L-^ ^nj 1-1 

-'-"IIA'-II — II Hn 1 1 / >oo n^oo n.^oo \ i — 1 1 tU^ 

Therefore, for any constant c with < c < 1, one has that \\uJn\\ < c, if n is large enough. 
Thus a subsequence of {un} converges. □ 

The last ingredient of the proof of Theorem [5] is the following. 

Proposition 3. The Teichmiiller space Tg is connected. 

We can immediately see that this implies Theorem [51 In fact, Proposition [2l in addition to 
showing that ^{B{Kg)) is closed in Tg, also shows that $ gives a homeomorphism between 
B{Kg) and ^{B{Kg)). But then the "invariance of domain" theorem says that ^{B{Kg)) 
is open in Tg, since B{Kg) and Tg are differentiable manifolds of dimension 6g — 6. 

We now turn to Proposition [31 An immediate consequence of Theorem [H and Lemma [H is 
the following. 

Lemma 6. Let fit be a family of smooth Beltrami differentials on S, where t varies in an 
interval / C M. Suppose fit depends smoothly on t, in the sense that it is on S x I. 
Then there are a differentiable family Y —> I of Riemann surfaces and a differentiable 
trivialization S x I Y such that the Beltrami differential iipt associated to Ft is fit- 

To prove Proposition [21 denote by Xq the base point [S, [1]] of Tg = Tg, let x = [C, [/]] be 
another element of Tg, where / : C — 5 is a diffeomorphism, and set = tfif-i. By Lemma 
[HI there is a differentiable family of curves with Teichmiiller structure over an interval / whose 
fiber at t is [Yt, [Ff'^]]. This comes from a differentiable map 7: / ^ T^, by the universal 
property of Teichmiiller space. To prove connectedness, we just have to show that 7(0) = xq 
and 7(1) = x; in other words, that [Yq, [F^^]] = [S, [1]] and [Yi, [Ff ^]] = [C, [/]]. Since, by 
construction, fip-i = and fip-i = fJ'j-^, this follows from the second part of Lemma [3 
This concludes the proof of Proposition [3l and therefore of Teichmiiller's Theorem. 
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